
O P E R A T I O N A L  C A L C U L U S  F O R  F U N C T I O N S  OF T W O  

I N T E G E R  V A R I A B L E S  W I T H  S O M E  A P P L I C A T I O N S  

V. A.  D i t k i n  a n d  A. P .  P r u d n i k o v  UDC 519.47 

Operational calculus theory  is developed for  functions of two integer  var iables  and applica-  
tions given for solving some problems of d i sc re te  analysis .  

The theory is developed in the presen t  work for  an operat ional  calculus for  functions of two integer  
var iables ;  it is based  on a d i sc re te  analog of the convolution that cor responds  to the mult ipl icat ion ope ra -  
t ion. Convolutions of s imi la r  type were  previous ly  cons idered  in [1, 2]. Some new resu l t s  a re  obtained. 

Let  S be the set  of all e i ther  complex or  rea l  functions f(x, y) of two integer  var iables  x and y which 
can assume all nonnegative integer  values.  The functions are  denoted by e i ther  f(x, y), g(x, y) . . . .  or  
a v p ,  bra t ,  �9 �9 �9 , where x,  y,  v, # denote nonnegative in tegers .  The set S is l inear  as r ega rds  s tandard 
operat ions  of addition of functions and of mult ipl icat ion by a number.  The multiplication operat ion is now 
introduced in S. 

The product  of the functions f(x, y) E S and g(x, y) E S is called a function h(x, y) defined Definition 1. 
as follows: 

a) h(0, 0 )=  f(o, 0) g(0, 0); 
X X--1 

b) h(x, 0 ) =  ~ [ ( x - - , ,  Olg@, 0 ) - - ~  f ( x - - l - - v , O )  g(,,O), 
~=0 v=O 

x = l ,  2, 3, . . . ;  
y y--i  

c) h(0, y) = ~ f(0, Y--U) g(0, ~1-- ~ f(0, y - - , - - ~ )  g(0, ~), 
~t=O ,tt=O 

y = l ,  2, 3 . . . .  ; 

d) h(x, y ) =  [ (x - -v ,  y--bt) g(% ~t) ~ ~ [ ( x - - l - - v ,  y--~t) g(% ~t) 
"v=0 ~=0  "~=0 bt=0 

y--I x--1 

+ ~ [ ( x - - v ,  y-- l - -~t )  g(v, ~ ) +  ~ ~-' - -  z.~ Z [ ( x - - l - - v ,  y--l--~t)g(v, ~t), 
v=O la=O v=O ~ = 0  

X = l ,  2, 3, . . . ;  y = l ,  2, 3, . . .  �9 

This  product  will be denoted by using the symbol n . , .  Thus 

f (x, y) .~ g (x, y) = h (x, y). (1) 

The bas ic  p roper t i e s  of this product  are  as follows, 

1. The product  has the commutat ive and associa t ive  p roper ty  and also the distr ibutive p rope r ty  with 
respec t  to addition. 

2. If f(x, y) = c where c is constant  then c * g(x, y) = cg(x, y). 

3. If f(x, y) depends only on x,  that is ,  f(x, y) = f(x) and g(x, y) depends only on y, that is ,  g(x, y) = g(y) 
then f(x, y) * g(x, y) = f(x)g(y), that is ,  the product  in this case  is identical  with the o rd in a ry  product  
of functions. This p rope r ty  follows d i rec t ly  f rom the definition. 
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The fol lowing can e a s i l y  be shown. 

4. If  f(x, y) = f(x) and g(x, y) E S is an a r b i t r a r y  funct ion then the p roduc t  f(x) * g(x, y) = h(x, y) is such  
that  

h(O, g )= i (O)g (O ,  Y); Y = o ,  1, 2 . . . . .  
X--1 

h(x, y ) =  [ (x- -w)  g(v, y ) - - ~  f ( x - - I - - v )  g(v, g); 
, . . a  

~ = 0  v = 0  

x = l ,  2, 3, , . . ;  g = O ,  1, 2, . . .  

In a p a r t i c u l a r  ea se  the l a t t e r  equal i ty  imp l i e s  that  

0 for x = 0 ;  g = 0 ,  1, 2, . . . ,  
x �9 g (x, v) = x-~ (2) 

~/~g(v, y) for x -= l ,  2, 3 . . . .  ; y = 0 ,  1, 2 . . . .  

Similarly, 

g * g (x, g) = 

0 for g = 0 ;  x = 0 ,  1, 2 . . . .  , 

~g(x,  ~t) for y : l ,  2, 3, . x - -O ,  1,2 .... 

and 
x--I y--i 

x v  ~. g (x,  y) = o 

otherwise. 

x > / 1 ,  g > l ,  

If into the set S one introduces side by side with ordinary addition of functions the product introduced in ac- 
cordance with the formula (I) then S becomes a commutative ring. This ring has no divisors of zero [i, 2]. 
The extension of the ring S to the field of ratios is denoted by R(S), its elements being called operators. In 
particular, the operators 1/x and I/y are elements of the field R(S). The notation a = i/x~ T = i/y is in- 
troduced. It will now be explained what condition must be satisfied by f(x, y) E S so that the product a *f(x, 
y) is also an element orS. Let a*f(x,y) =h(x,y) ES then f(x,y) =i/cr*h(x,y) =x*h(x,y). Hence it fol- 
lows [see (2)] that f(0, y) = 0 for y = 0, I, 2 .... ; conversely, if this condition is satisfied then 

X--| 

[(x, g ) =  ~ [f(v @1, y ) - - f ( v ,  Y)l. 
v = 0  

x--I 

By se t t ing  f(u + 1, y ) - f ( u ,  y) = h (v ,  y) one obtains  f(x, y) = ~ h(u, y). T h e r e f o r e  f(x, y) = x * h ( x ,  y),  and 
v = 0  

hence  h(x, y) = a * f(x, y) ~ S. One conc ludes  s i m i l a r l y  that  the p roduc t  T �9 f(x, y) is an e I emen t  of S only ff 
f(x, 0 ) = 0  f o r x = 0 ,  1 , 2  . . . .  

Thus  the fol lowing t h e o r e m  is val id.  

THEOREM 1. F o r  the p roduc t  a * f(x, y) to be an e l emen t  of the se t  S, f(0, y) = 0 fo r  all y is a n e c e s -  
s a r y  and suff ic ient  condi t ion.  In exac t ly  the s a m e  way  the condi t ion f(x, 0) = 0 for  aiI x is  n e c e s s a r y  and 
suff ic ient  so that  ~- * f(x, y) E S. 

Then  

Le t  us denote  

f (x + 1, v) - -  f (x, y) = a~f (x. v), 

f (x, y + ~) - -  f (x, y) = A, / (x ,  v). 

o .  [~ (x, y) - -  i (o, y)l = a~ f  (x, y), 

-:-:- if(x,  y) - - p ( x ,  o)] = A,f (x ,  y). 

(3) 

(4) 

(5) 

(6) 

It  fol lows f r o m  (3)-(6) 

~ * if (x, v) - -  f (x, o) f (o, v) + f (o, o)1 = a ~ . f  (x, g). 
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I f  f(x,  0) = f(0,  y) = 0 f o r  all  x _> 0, y _> 0 then  ~T *f (x ,  y) = AxAyf(X, y) .  

�9 lAd(x, v ) - -ad (o ,  y)l = A~f(x, v), 

and  h e n c e  b y  a g a i n  u s i n g  (5) one  ob t a in s  

o r  

Similarly, 

One f inds  f r o m  (5) tha t  

c{off (x ,  v ) - f ( o ,  v ) l - G f ( o ,  y ) } =  6~f(x, y), 

A~ f (x, v) = ~V (x, y) - ~V (o, v) - ~ &  f (o, v). 

A~ f (x, y) = ~ f (x, v) - ~= f (x, o) - ~A~ f (x, o). 

I t  f o l l ows  f r o m  the r e l a t i o n s  (7) and  (8) tha t  

(A~ + A~) f (x, y) = ((I 2 + ~2) [ (x, y) - -  e2[ (0, V) - -  z~[ (x, 0) - -  aA,:/(0, y) - -  ,Avf (x, 0). 

L e t  

(7) 

(8) 

x ( " ) = x ( x - 1 ) ( x - 2 )  . . .  ( x - - n + 1 ) ,  x (~  

y(,o = y (y --1)  (y --2)  . . .  (y - -  m + 1), y(O) = 1. 

S ince  Ax x(n) = nx ( n -  1) then  in v i ew of  x(n) Ix = 0 = 0 fo r  n > 0, one  f inds  f r o m  (5) tha t  ax(n)  = Ax x(n) = nx( n "  1), 
h e n c e  crnx(n) = n '  o r  i / a  n = x ( n ) / n  ' .  I t  i s  o b v i o u s  tha t  1 / z m  = y ( m ) / m ' .  

I; x ~ m ,  y>~n, 
~lm,n (x, y) = 0 otherwise, 

De f in i t i on  2. Le t  

1; x>/k, 
~]h(x)= O; x < k ,  no(X)= 1. 

O b v i o u s l y  ~?m,n(X, y) = 7?m(X)~?n(Y) then  (see Sec t ion  3) 7?m,n(X, y) = ~m(X) * Vn(Y). 

q,. (x) �9 q,., (x) = qm+,., (x), 

..,,~ (x, y ) .  n . . . . .  (x, v) = n , . +  . . . . .  + . ,  (x, y) .  

and  t h e r e f o r e  

m o r e o v e r ,  

(1 + r nx (x) = "ql (x) + a~ h (x) = "qx (x) + A~x (x) = ~h (I + x), 

Bu t  r/~(x + 1) - 1, x = 0, 1, 2 . . . .  , and  t h e r e f o r e  

1 
~ (x) - 

l + e  

B y  u s i n g  (9) i t  i s  found tha t  ~?m(X) = ~ n ( x )  and  c o n s e q u e n t l y  

1 
~lm (x) - 

( 1 + ~ )  m 

I t  i s  e a s i l y  v e r i f i e d  tha t  

(9) 

(lO) 

Similarly, 
1 

~,~ (Y) -- ( 1 +  w)n 

(1 + ~)~ (1 + ~)~ 

and  c o n s e q u e n t l y  

, ~ .  (x,  g) = 

1 i(' 
( l + o F + ~  (1+-~). 

1 
(i+~) ~+I )] 

L e t  us  c o n s i d e r  the  double  s e r i e s  

(~ ~ 0  ~ i (v ,~t)  (1 + g) ( 1+  ~) (1 + ~)" (1 + "~)~ 
= ~ t=0  v - - 0  ~ = 0  
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= ~ ~ t(., ~)[nv.~ (~, v)-n.+,,~(~, y)-n~.~+, (x, v)+ n.+:,.+, (x, v)] = t(x, y). 
' ~=0  P,=O 

Thus  

_ o ~  ~ o f b , , p ) = f ( x , y ) .  f(o, 1:) (1+  ~) (1-1- ~) (1 + ~)'~ (1+ "r)" 
~ = 0  ~- 

A n u m b e r  of f o r m u l a s  will  now be  ob ta ined  which  a r e  ana logs  of  the c o r r e s p o n d i n g  f o r m u l a s  of  the 
o p e r a t i o n a l  ca l cu lus  in two v a r i a b l e s  [3]. 

1. Le t  
O, x ~ y ,  

f (x, y) = f (x) x = v, 

w h e r e  f(x) is  a g iven funct ion of an i n t e g e r  a r g u m e n t .  Then  

'~ ~ f(~) _ 
f (x, y) = T(~, z) - (1 + ~) (1 + ~i (1 + ~)~ (1 + ~)~ - 

o r  by  se t t i ng  

1+ cr +-c  + ~: ( I +  cr + ~ +cvOv 
~0=0 

it is found that  
f ( ~ + ~ + ~ ) = {  O, x--/=y, 

f (x), x = y. 

+2 
[L=O 

In p a r t i c u l a r ,  f o r  f(x) - 1 one ob ta ins  f r o m  (12) 

~ {0, x=#y I =6~y. 
~ + T + r  I, x = y j  

2. Le t  m = rain(x,  y) and f(x) be a g iven funct ion.  We se t  f(x,  y) = f(m).  

f ( m ) =  ( l + o ) ( l + x )  ( l + o ) v ( l + x ) ~  

'v~O / , t=V+ I 

f (tO 
o ( I +  o)~ (1-1- T)~ 

By  se t t ing  

one ob ta ins  

3. Le t  f(x, y) = f(x + y).  

o~ 
f ( x+y)  -- (1+ o ) ( 1 +  ~) 

One obtains 

( l + o ) V ( l + ~ )  ~ ( 1 + o ) ( t + z )  = ( l + ~ ) " ( l + z ) ~  

~ ( l + ~ ) v ( l + ~ )  v l + e + ~ + ~  ( 1 + o + ~  ,4-o'~)" 
v = O  'V~O 

~o f(u f<~  1 F J  = d+o)v 

f-(~ + "~ + ~t:) = f (m). 

Then 

f (u + rO o~ 

x,=O p ,=O = 

-- ~ (1 + ~)~+~ (I + ~)l+l �9 
l ~ O  

1 
( l +  a), ( : +  ~)~ 

v + ~ = l  

By setting 

(ii) 

(12) 

(13) 
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one finds that 

r(o) -- 1-~z ~ (1+ ~)v 

(~) - -  ~ ~(z) = ~ (x + ~). 

Further  two functional relations will be given which may prove useful in obtaining the operators.  
~-) = f(x, y), g(e, r) = g(x, y); then [see (11)] 

o'~ (1 4, o) (1 + "~) (1 + o) n (I -t- .~)m ~ ' [ (n --  p, m --  q) g (p, q). 
0 p :  0 q : 0  

Hence it follows that 

(1+~) ( l+x)  [(~, ~)~(~, ~)= ~ f ( x - - p ,  9 - -q )e (P ,  q). 
p=O q=O 

One can establ ish in a s imi lar  manner that 

T(~' ")g(~' " ) = / ~ .  v=0 ~==[(x--v--l,y--1--,)g(.,.),o otherwise. 

By setting f(x, y) = (1 + ~)x and f(x, y) = (1 +/~)Y in the formulas (5)-(6) one finds 

G T -- (1+ a) *, = (1+ ~)u. 

x ~  l, y>/1,  

By differentiating the above relations with respect  to ~ and/3 respectively one obtains 

xCn) (1 + a) ~-', "~ y(n) (1+ [3)y-". 
(~ - -  a)  "+~ n! (~ - -  ~)"+~ n! 

By setting f(x) = ~X/x,~ in (11) one obtains 

T(c~)= ~ + l  ~ e k P ( 1 - ~ ) = ~ x  "x '  

Hence it follows that 
crT [_  ~cr 

(l-4-z) (1+'~) exp ~ 1+~ 
p,'V ) Exit y 

I+T  == ~ e-~--~" 

If one assumes that the integrals are convergent one obtains from (14) 

~v i ; exp ( ' ~ ~ )c i ) (~ , ,~ t )d~.d~=l_~; i~x~ye-;~-~ ,qp(~ , ,~)d~,d~.  
(1+~) (1-t-r) l + a  I+~  x!y! 

0 0 0 0 

If one sets ~(~, #) = ~(~, #) in (15) then the left-hand side of the equality becomes 

2~-~ i ~(~)Ko [ ]d~, (1+ or) (1+-~) 2 / i l - t -  ~'~ ~) (1-4- "~) 
0 

and the right-hand side becomes 

x! yl 
0 

and in both cases use has been :made of the equality 

;xV- '  exp ( - -  yx --  -~  l dx = 2 ( ~--~- I~'K'~ (2 r - ~  ). 

Let f'(~, 

(14) 

(15) 
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Thus ,  

(1+6)  ( I+~)  (1+ a) ( l+ ' r )  x!y! " 

0 0 

(16) 

o r  

- -  ~ K.-u(2V-~)d~.  
0 0 

The fo rmu la s  (15) and (16) can be employed to cons t ruc t  the tables  of the values  of the o p e r a t o r s  f'(~, ~'). 
Of cou r se ,  

exp - -  n! ~n nI n! 
/z=0 n~O 

Bear ing  in mind that x is an in teger  and that x(n) = 0 for  n > x one obtains 

exp ( - - ~ ) = L ~ ( ~ ) ,  (17) 

and in a similar manner 

where  Lx(~) is  the L a g u e r r e  polynomial  of degree  x. It  is known [4] that these polynomials  fo rm an o r tho -  
no rma l  s y s t e m  on the in te rva l  (0, :r with weight e - ~ .  This  p r o p e r t y  o f  the polynomials  follows d i rec t ly  
f r o m  the fo rmu la  (13). Indeed,  

T a + ' c + a z  - - l l ,  x = y .  
0 0 

Note. Here  it is  n e c e s s a r y  to use the p r o p e r t y  (3) of the product  in the r ing S. F r o m  (17) one has 

In the above 

; ;ox.( .~ ..). .,.,.._. +). 
0 0 

F (p, q)= ; ; [(~, )I)e-'~-qn d~d)l. 
0 0 

By using the available tables for the two-dimensional Laplace transformation one can find the operator F (I/a, 
l/T), namely 

0 0 

It  is not difficult to es tab l i sh  that 

( - ;  = x (~); 

L~(~) ~(~) gre-~dg = ~ -  exp - -  ~7- exp - - -~-  d~ = 

0 O 

The equali ty (18) now b e c o m e s  

1 1 
o-r ,gs 

- -  - -  = L y  (n);  
T s 

P (r +1) or = ~  O, x=/=y, 
(a + ~ + a*) ~+~ / r (I + r) x(O, x = y. 

0 0 
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Another method for finding the value of f'(o, r)  consis ts  in what follows. 
gral par t  of a number  ~. If ]~[ = v and I~?[ = # then 

f([~l, [~l])=f( v, ~) for v . . < ~ < ~ + l ,  I,-.<~1<!~+1. 

We shall now find the L a p l a c e -  Carson t ransformat ion for the function f([ ~ ], [ ~?]). 

But [see (10)] 

Let,  as usual,  ]~] denote the inte-  

One obtains 

F (p, q) = pq t ([~], [~l]) e-~ d~dn = Pq ~ X ~ (v, ~) S S e-Vt-~ d~dn 
0 0 v=O l l=O 'v V~ 

-- (e"-- 1)(e,--l)  i i f(v, ~) e -~(~+') e -q("+n. 
~ = 0  ~t=O 

1 1 
e-~ = ~h(X) ----- 1 - - ~ '  e-q = ~h(Y) --- 1 + ~  ' (19) 

therefore  

~z ~--~o ~o /(v, p , ) = ' F ( ~ ,  -r). F(p, q )=  (1+~) (l+~r) = = (l + o)" (l+'r)  j' 

The la t ter  formula enables one to find the opera to rs  f'(o, r)  by using the table of the two-dimensionalLaplace  
t ransformat ion and the equali t ies (19). Let us consider  another example.  Let 

One obtains 

l, (j) ly (j) 2-J -= ~z ~ 
i=O k = o  

' §  = 

1 ~T 
X - -  - -  

I "  (1+ c r -  V' 2")(1+ -r-- ~/2) 
(Vf+. V2--O �9 

Therefore  if one takes as a sca lar  product  

(In (~), l,~ (~)) = i In (j) lm (j) 2-i, 
1 = 0  

a + x + w r  

GT 

1, x=y ,  
O, x4=y. 

then the sys tem of polynomials 10(~), 11(~), . . . .  /n(~) is an orthonormal sys tem.  We shall now find an 
explicit  express ion for ln(~). One has 

l~(~)= 2~L-~(O+I . .  V!].)  '+' 

G+I-- . r - - - ~ - -  d2-- 
G-~lw]//2-" ~ l 

I 
~/2 

but 

- 

Consequently,  

but 
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and therefore 

Thus 

ff X (h) 
( l+  a) "-k, 

( a - -  a) h+l k! 

x (~) ( 1 ~-h 
~ 1 '/~+`- k! 1--14- - - ~ }  . 

+'-  -C2) 

o r  

l~(~) = - ~ ( - 1 )  ~ ~., 
~/'2 k=o 

l:~ (~) =2 
X (h) 

2 E (--1)h ~'kl k! 
k=o 

It follows f rom the above that the polynomials [5, 6] 

I~(~)=2 2 ~ (__1) ~ k--~- 
k~O 

sat is fy  the relation 

{1, trt = t~, 
l'~ (J) l'~ (]) 2-] = O, m va n. 

]=0 

In conclusion, a generalization is given of a formula encountered in the summation of se r ies  [7] for 
the case of a function of two variables .  It will now be proved that 

[~-q [y-q . . ~ ( _ _ l ) ~ + m  
2 "+~+2 h~ v f ( -  0)--(--1) [x] 2n+,,,+~ A'~A"~/[ x , x  y O] 

v=O ~=0 n~O m=O n~O m=O 

-(-1)c~ ~, ~ (-1)~+~2~+~+----- ~ A~A~I[O, v] + (--1)E~+~ ~ (--1)"+~2n+--~+--Z- A~AmfI~" ~ Vl- 
n=O rn~O a=O mL~O 

The corresponding formula  in the case of a single variable is 

E [(k) (--l)h = (-- 1)nAnf (0)2n+l (-- l) [t] (--1) n 2  n + ~  Anf[t]" 
k=0 n=0 n~0 

(20) 

(21) 

The above formula  follows f rom the formula  (see [8]) 
[t--U 

1 f[tl * g[t] ----- E [ [ t - - l - - k l  g(k), 
r 

k=O 

By setting g[t] = (-1) It] = r / ( r  + 2) one obtains 

1 f[t l ,g[t �91 1 f[t] 

t>~l,  r = e z - - 1 .  

and consequently 
It--I] [ t-- l]  [t--I] 1 
k~O k=O k=O 

(22) 

F r o m  the la t ter  relat ion the equality (21) follows together with the formula 

1 h ( _ l ) n  
r +-V  j:Itl = 2n+1 - -  {A"f I t l - ( - 1 )  EtJ a=f (o)} 

Using (21) in the variable y one obtains 
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Iv-t] 
~ ,  [ [x, ~tl (--1)~ 
~ 0  m=O m=O 

By applying the same formula  to the var iable  x and the function 
[y--Z] 

�9 [xl-- El[x, ~l(--1)~, 
~=0 

one ob ta ins  

Ix-l] Iv-l] 
~ f ("  ~)(--I)~(--1) ~ 

~=0 l~=O 

= ~ (--l)~A~f[x'O]--(--1)Eva~ (--I)~A:f[x,Y] 
2~+I 2~+I 

( - - i )  n (--11 ~ 
= 2 n+l A~ ~.~ f[0, ~l (--I)~_ (_i) Ix] 2 n+1 

n=O ~t=O n=O 

[v-q 
An ~,  f[x, ~] (--1 F. 

[v-i] 
The requi red  formula  (20) is obtained by replacing in the r ight-hand side of the above equation the sums 

=0 

by using the formula  (22). 

1. 

2. 
3. 

4o 
5. 
6. 

7. 
8. 
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